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XII. 


CALCULUS OF PRINCIPAL RELATIONS* 
[1836.] 
INTRODUCTION, 


1. Itis a well-known theorem of the Integral Calculus that if y, be a function of x, respecting 
which we are only told that it satisfies a given differential equation of the first order, 


O=f (2, Yz Yz)» d (1) 
y, denoting the differential coefficient or derived function A , we are at liberty to assume 
an additional condition of the form 
Ya = b, (2) 


a and b denoting any two assumed corresponding values of the two connected variables x and 
y,; butthat after the assumption of this new condition, the functional relation between these two 
variables x and y, is in general theoretically determined, whatever practical difficulties may 
remain in the actual discovery of its form. So that the differential equation (1) may in general 
be conceived as conducting, by an easy or difficult but always possible integration, to a relation 
between any one pair of corresponding values a, y, of the two connected variables of the question 
and any other pair of corresponding values 7, y, of the same two connected variables; or to an 
equation in finite differences of the first order between a, y,, Aa and Ay,, which may be thus 
denoted, 
0= F (a, Ya, 2, Ya) = F (4, Ya a + Aa, Ya + Ay,); (3) 

Aa and Ay, being here equivalent to 2: - a and y, —y, respectively. 


2. Again, if y, and z, denote two functions of x, respecting which we only know that their 
first derived functions ين‎ and z; are connected with them and with x by a given relation of the 
form 

0=X + Yy, + Zz, (4) 
in which X, Y, Z denote given functions of æ, y, and z,; then, if we denote by 
aX 8X òX SY BY BY 84 èZ 8% 
Sx’ Sy,’ e, Sax’ dy,’ 82,’ Sa’ dy,’ Se, 
the nine partial differential coefficients of the first order of these three functions, taken with 
respect to the three variables 7, y, and z,, as if they were independent of each other, and if we 
suppose that these partial differential coefficients satisfy the condition 
: _y (SY 82 8Z 5X) SX 8Y 
ا ی‎ +7 (5. Be): y 
* [It was Hamilton’s intention to write a book on the Calculus of Principal Relations (see Graves, Life of 
Hamilton, I, p. 177). This is all that remains of the manuscript of the proposed treatise. Papers XIII and XIV, 


pp. 332-390, contain material which he obviously intended to incorporate in the book. A sketch of the calculus 
is to be found on page 408.] 
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it is known that the differential equation (4) conducts by integration to a relation of the form 


f, (£, Yz» Zz) = const. =f, (4, Yas Za)» (6) 
which may also be thus written, as an equation in finite differences of the first order, 
0 - F (4, Yq, Zan A+ Aa, Ygt+AYq, Za + Aza). (7) 


3. But in general, if the derived functions y, and z, be only connected with x, y, and z, by 

a given relation, which may be thus denoted, 
0=f (x, Yr» “as Yrs Zz)» (8) 

then (setting aside some particular cases of exception such as that which has been last con- 
sidered) we may attribute any arbitrary values to the three initial and three final values, a, Ya, 
24, “+ Aa, Ya + Ay, and z,+Az,, without obliging these initial and final values to satisfy any 
determinate relation, such as (7), as a necessary consequence of the given differential equation (8). 
Or, to express the same thing otherwise, we may in general assume any arbitrary values y, and 
z, of the functions y, and z,, as corresponding to an assumed value a of the variable x, without 
thereby establishing any relation between the values of the same functions y,,,, and araq» 
which correspond to any other assumed value a + Aa of the same variable x. According to the 
unlimited variety of forms which we may assume for the function y,, consistently with pre- 
viously assumed values y, and y,,,,, we shall have by the differential equation (8) an unlimited 
variety of corresponding forms of the function z,, even when the initial value z, is given cr 
previously assumed; and in passing from one such form of z, to another the final value z,,.,, 
will itself in general vary; so that it will be only in particular cases that these various forms of 
the function z, will fail to give an unlimited variety of final values z,,,,- 


4. To illustrate this theorem by an example and to prove that it is true in an extensive 
class of cases before considering the general proof of it, let us assume the particular relation (4), 
supposing now that the condition (5) is not satisfied; and let us write, for abridgement, 


x Y 
pas Z get, ES Z =h (9) 
so that the condition (5) shall take this simplified form 
LIL 4 (10) 


SY, “e ou “ dZ, 
We have thus the differential equation / 
2, =P + Yz» | (11) 
in which p and و‎ are any two given functions of x, y, and z,, not satisfying the condition (10). 
Let any function 4, of x be supposed to be assumed at pleasure, subject only to the initial and 
final conditions 
Ya=, Yarsa=b+Ab, (12) 
in which the values of b and Ab are given or previously assumed; and then let the connected 
function z, be conceived to be determined (as we may always at least theoretically conceive 
it to be, by principles already referred to, whatever practical difficulties the actual determina- 
tion may present) so as to satisfy the differential equation (11) and also the initial condition 
2, =, (13) 
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in which c is given or assumed; and finally, from the form of the function z, thus determined, 


let the final value 
Zapaa = € + Ac (14) 


be conceived to be calculated. We propose to show that this final value c + Ac will in general 
vary with a variation of the assumed form of the function y,, even when a, b, c, Aa and Ab 
remain unvaried. To show this, let > be any small and arbitrary constant and let y, + em, and 
Z» + ek, denote two new connected functions of x, which differ little from the two old functions 
Yz Zz and which satisfy, like them, the differential equation (11), or rather the new equation into 
which that transforms itself when the new functions are substituted for the old ones; let it be 
supposed also that these new functions Yy + eg, 2, + <b, satisfy these three new conditions 


Yat Na =b, Yarsat €a+aa = Û + Ab, Za + eq =0, (15) 
which are analogous to the three old conditions (12) and (13) and give, when combined with 
them, 

Na=9, Natsa=9, توي‎ 0 )16( 
The new differential equation, analogous to (11), may be thus written 
rape aa 8p dp 84 ôq \ > فوع‎ 
a, +l, = p+ Magy Fea + (a+ Me Sy, t tagt) Ya + edna + Ba, (17) 


E,, denoting, for abridgement, a factor the development of which is easily obtained but is not 
necessary for our present purpose; and if we subtract the old differential equation (11) from 
the new one (17) and divide by e, we find, more simply, 
48h ps foz s) piy a es 
t= (SF +952 Sia by, | dy, Net Wz +eH,: (18) 

from which equation we propose to deduce by integration an expression for the final value 
Capaas Which shall show that this final value does not in general vanish and therefore that the 
final value Z„,,„ + €Ca+sq of the new function z, + eé, is in general different from the final value 
2a,aq Of the old function ديرت‎ 


With this view, we may multiply the differential equation (18) by a function A,, so chosen 
as to make the product 
, (SP, 584 
Mli- (+ =) A 


equal to the first differential coefficient or derived function (A,¢,)’ of the product A,¢,; a con- 


dition which gives 
ديد‎ A (E+) (19) 
T 1 
and therefore, in the notation of definite integrals, 
wi f FL 1 
As = Àe MERA) ۴ A (20) 
38-2 
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When À, is thus chosen, it is easy to see that the first differential coefficient or derived function 
of the product A,q is 
dq 


Ad) = eg) =A + 0X, 


ôq , 7 , 84 _ òp , ôq |‏ هړ 
oa Àz le Izy, +(p+ Yz) ZA q (= 1‏ 
POE De BARA. IA 2)‏ م mA‏ 
=r, 22+14 +P 1z, , (21)‏ 
and that consequently‏ 
8p MRE.. A E ET _ 94, PR 1);‏ 
Coa) +A, (52 Sa T 132, Ps, 0 (22)‏ = ( بخ 16+ (E‏ 


changing therefore (A,¢)' 9. + ينوي(‎ to the equivalent expression (gA,7,)’, we find from the 
equation (18) the following 


5 ; dp 39 dp _ dq 

(A, Sx) = (9A, Nz) +A Nz ليم‎ pst) AE, (23) 

which gives, in the notation of definite integrals, by the conditions (16), 

a+Aa i 8p 39 Sp ôq a+ Aa 
م 00 :> سلس ابيا‎ =) dete f A, Erda, (24) 

that is, finally, 
3 1 1-0 8p ôq dp dq 

de. (25)‏ ره + {Ane (GE 5 +95" -P pL)‏ سرد ميم 


From this expression it is easy to prove what was asserted, that when the condition (10) 
is not satisfied the final value ¢,,,,,, does not in general vanish independently of the form of the 
function 7, , even when the initial value ¢, and the initial and final values ىرد‎ and y,,,, are each 
= 0; for we now see that aaa may in general be developed according to ascending powers of 
the small multiplier e in a series of the form 


atia = gt eb aq +ete., (26) 
and that the first term of this series does not in general vanish independently of 7, since it may 
be expressed as follows 

a+Aa + [rade‏ م ع 

a aa =e -% : Í e My, dk, (27) 


if we put, for abridgement, 


28 
SERO OO aaa S2 

We see, then, that except in the case expressed by the condition (10) (in which this last 
coefficient M „ vanishes) the differential equation (11) is not sufficient to conduct, by necessary 


inference, to any one determinate relation between the three initial values a, b, c and the three 


www.rcin:org.pl 


4-6] ` XII. CALCULUS OF PRINCIPAL RELATIONS 301 


final values a + Aa, b + Ab, c+ Ac of the three connected variables x, y,, زية‎ and therefore that 
we cannot in general deduce, as a necessary consequence of the differential equation (11), any 
equation in finite differences of the form (7): since otherwise it would be necessary that محبوي‎ 
should in general vanish along with »,, Ca and y,,,, independently of the form of n, and of the 
value of e. 


5. To make this reasoning more perfectly clear by a still more particular example, let us 
assume the following particular forms for the coefficients p and q, 


P=—Yo, Y=%; (29) 
so that the differential equation (11) becomes now 
Ze = Ya ¬ Ya: (30) 
We have now 
TT i. RR Hit. Ar a MOEN. PR (31) 


Be By eT OE Ge 
so that the condition (10) is not satisfied. If we suppose that 4, and z, are two functions of x, 


which satisfy the differential equation (30) and also the conditions (12) and (13); and that 
Ya + Ny and Zy +e”, are two other functions of x, which satisfy the analogous differential 


equation 
2, +b, = نه‎ (Yo + Ns) — (Ya + Ne) (32) 
and the analogous conditions (15) or (16); we obtain this new differential equation of the 
form (18) 
ba حت‎ Naas (33) 
and the general expression (20) for the multiplier A, becomes here 
A, =A, =const., (34) 


so that we may suppress this multiplier or suppose it equal to 1; and we find this new equation 
of the form (23) 


=(xn,)'—2n,, (35) 
which gives, by integration and by the conditions (16), a result of the form (25), namely, 
a+ Aa 
larsa |. (—2ne) dz. (36) 


And it is clear that this final value of ¢, does not vanish independently of the form of the 
function 7,, even when the conditions (16) are satisfied; and therefore that, in this example, 
the final values of the three connected variables 7, y,, z, are not connected with each other by 
any necessary relation when only the initial values and the differential equation (30) are given. 


6. Resuming now the more general differential equation (8) and reasoning on it in a similar 
manner with a view to establish the general theorem of the third article, we find, instead of the 


equation (18), the following: 
=p tet Zit ii Met 5 net eB (37) 
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which is now to be multiplied by a function A,, chosen so as to make the product 
de (sitet ع لع‎ 
equal to the first derived function or differential coefficient of the product Le Éz, that is, so 
as to satisfy the following condition 1 
إن سف ادع‎ rA 
z Sz! Sz, \Sz,) }’ 


analogous to the condition (19). In this manner we find, for the multiplier A,, the following 
expression, more general than the expression (20), 


Wer pyne 


, (39) 
in which we have made, for abridgement, 
ا‎ (35) 
7 ome - 5 ; (40) 
5z} 
and since we have thus the relation 
Àz = La, (41) 
we may put the product 
of of 
À (ser et Tor E 
BS By” 
under the form 
of of _ (Sf ) òf | 
(hayz) + [age (ayi) > ا‎ 
and consequently may present the differential equation (37) under the form 
fy of of (Ff )- of 
0=(2 z z! t) + +) 7 Me) + يي(‎ eo (5 L, A +e Ez (42) 


which is analogous to the equation (23) and may be similarly integrated. We are thus conducted, 
when we suppose that the conditions (16) are satisfied, so that 74, Napaa and ¢, vanish, to a 
development of “a+ Ła of the form (26), in which the first and principal term £©), „ „ will not vanish 
independently of the form of the function 7, unless the functions y,, z, satisfy the following 
(additional) condition: 


that is, by (40), y J : 
TEN 
Sue Niue) 3a lee a 
1 of 
êy 2 


And since this condition (44) is not in general satisfied, either identically by all possible forms 
of the functions Yy, z, or even by all forms of those functions which satisfy the given differential 
eauation (8), the theorem of the third article is true. 
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7. We see, however, that when the forms of the functions y,, z, are such as to satisfy this 
new condition (44), along with the differential equation 


O=f (2, وروت ورك‎ Uaita) (8) 
and the initial and final conditions (12) and (13), we have then the final condition 
tO aa =, (45) 


as a consequence of the differential equation (37) and of the initial and final conditions (16), 
whatever the form of the function 7, may be for intermediate values of x; supposing always that 
no one of the functions here considered becomes infinite or indeterminate within the extent of 
the question. And because the condition (45), or the differential equation (44) which expresses it, 
conducts in general (in combination with the other conditions above mentioned) to a final 
value Z,,,, of the function z,, which has its variation «¢,,,,, of the form eé, 4a + etc. and there- 
fore ultimately proportional to the square of the small multiplier e, (to the first power of which 
multiplier the variation em,, of the function y,, has been supposed proportional); whereas without 
the condition (45) the variation «{,,,,, would be of the form «¢, ,,,+ etc. and therefore ulti- 
mately proportional to the first power of the same small multiplier e; we see that this condition 
(45) conducts in general to forms of the functional relations between the variables z, y,, Zy 
which are remarkably distinguished from all other forms of those relations by a peculiar law 
of variation of the final value of z,. On account of this important property and of others con- 
nected with it, we shall call the equation (44), which expresses the condition (45) and which is 
in general a differential equation of the second order, the principal supplementary differential 
equation for determining the forms of the functions y,, z, in combination with the given differ- 
ential equation of the first order 
0=f (x, os Sa: OF (8) 

and with the initial and final conditions (12) and (13); and when these equations and conditions 
conduct to a determinate final value (or class of final values) z,,,,, of the function z,, we shall 
call this value (or these values) z,,,,, the principal final value (or values) of the function z,, 
corresponding to the given initial and final values a, Ya, Za, d+ Aa, y,,,, and to the differential 
equation (8). 

The values which we have thus called principal final values of a function z,, which is con- 
nected with another function y, by a differential equation such as (8), are called more com- 
monly the maxima or minima of the function z,, though they are not always greater or less 
than all neighbouring values of that function; and it was the desire of discovering these par- 
ticular or principal values which led to the invention of the Calculus of Variations. But although 
the rules of that Calculus conduct to what we have called the principal supplementary differen- 
tial equations, such as (44), they offer no general method for investigating or even expressing 
the integrals of those differential equations. A general method for accomplishing this important 
object is supplied, however, by that new Calculus of Principal Relations, to the consideration 
of which we shall soon proceed. l 


8. For the particular case (4) of this general differential equation (8), that is, for the 
particular form 
f=X+ Yy, + Zz, (46) 
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of the general function f, (X, Y and Z denoting here any given functions of x, y, and z, ,) we have 
the particular expressions 
èf 8X bY 8Z èf 


dya Sya ay 3# by,” By,” 
af 8X SY 82 Fy (47) 
e dz, ek. Sire aa 
af /8Y 
| -= eg 48 
aes em „Z (48) 
d theref 
vases bina ot sf (8f\' 8X SY , (8% s¥\\ 
5-7 eee ies 
af (df\' SX èZ (SY 52١ | 
Sz, (az) = va a + (ea) | 


so that when we attend to the original differential equation (8), which here reduces itself to the 
particular form (4), we find, after reductions, that in the present case the general supplementary 
equation (44) transforms itself to the particular condition 


87 8Z 8Z ôx bX 07 
0 (a ye) (e) a 
In like manner, if we assume the particular form 
f=P+Wz-%z> (50) 
so as to reduce the general differential equation (8) to the particular differential equation (11), 
we find 
E 
ية‎ By _1 (3P _ Ly sa) 
Chaitin. HE q\ay, Of) ts oe) 
94 (51) 
òf f ôf 2) 
82, e _ _ (P %4 ) 
e ا‎ (E, se) 
82, 
so that in this particular case the general supplementary equation (44) reduces itself to the 
particular condition 


by, Be, da P Sz, 

Thus for the two particular forms (46) and (50) of the function f (of which two forms, indeed, 
the one includes the other) the condition (44) either cannot be satisfied at all (as in the example 
of the fifth article where f was equal or proportional to —y,+ ay4, — z4); is identically satisfied 
(as in the case considered in the second article); or else can only be satisfied by establishing a 
particular relation between the variable :د‎ and the functions y,, Z which does not involve the 
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differential coefficients of those functions, and therefore does not permit us to assume as we have 
hitherto done the arbitrary initial conditions y,=6, z,=c. Peculiar considerations would also 
be required for the case when one or other of the differential ccefficients رين‎ z4, disappears from 
the expression of f. But, in general, the equation (44) may evidently be put under the form 
0=P + Qy; + Res, (52) 
in which P, © and R are known functions of x, Yy, z,, yj, and z}, namely, 
Put, (L-ai ea + ) 
82, (Sy, Ory, > “YOY, “ea 
a 


OIE \8z, OLO Ogg 7 dz,8z}, 
EL. No E 
O= Bary y1 yel 
E the د‎ 
BEY, Sy, 82/2’ 
or functions proportional to these; and since the functions © and 22 do not in general both 
vanish, this supplementary equation (44) or (52) is evidently in general a differential equation 
of the second order, as was remarked before. 


(53) 


9. Another differential equation of the same order, which is in general distinct from this 
principal supplementary differential equation (44) or (52), may be obtained by differentiating the 
original differential equation of the first order (8) and may be thus denoted, 


0=f'=P,+Q,y,+ R,2;; (54) 
in which the coefficients P,, @,, R, are the following functions of 2, Yy, Ze, Yn, Zz» 
fy Fy Ff aT eae 
P,= “Se a + Ta Sz? Q,= EA R, 8z (55) 


or functions proportional to these. If we had only the system of these two differential equations 
of the second order, (52) and (54), we could only in general deduce from them, by an easy or 
difficult but theoretically possible integration, two relations which might be thus denoted, 

0= x (4, Yas Zas Yar Zas T, Yz Zz)» | (56) 

0=x, (4, Yas Zas Yas Zas T: Yz» Zz) 
between the three connected variables 7, Yy, z,, their three initial values a, Y4, Za, and the two 
initial differential coefficients y4, z4; or relations equivalent to these. But since the original 
differential equation of the first order (8) gives this other initial condition 

0=fa =f (4, Yas Za» Ya» Za) (57) 

we can in general conceive the two initial differential coefficients y, and z; to be eliminated 
between these three last equations and thus a relation obtained of the form 


\ 0= F(a, Ya» Ža T, Yo >%zx)s (58) 
or 
0= F (a, Yar%q,a+ Aa, Yatna>*%atda) (59) 
or, if we choose, of the form (7), or finally of this simpler form 
0= F (a,b,c,a+Aa,b+Ab,c+ Ac) (60) 
HMPII 39 
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between the three initial and three final values of the variables x, y,, z,, these variables being 
obliged to satisfy both the original differential equation (8) and also the principal supplementary 
differential equation, (44) or (52). And because the relation (58) or (59) or (60) thus obtained 
gives in general the principal final value z,,,, Or c+ Ac of the function z, when the five other 
initial and final values a, y,, Za, & + Aa, Yaraa» OF Q, b, c, a+ Aa, b+ Ab, are given, we shall call 
this relation the principal integral of the original differential equation (8), or the principal 
integral relation between the final and initial values of the three connected variables x, Yy, Zy 
resulting from that differential equation. 

10. To give an example of the application of this method of investigating a principal 
integral relation, let us take the following particular form of the function f, 

f= at 2Y x" - وو‎ (61) 

g being any given constant; so that the proposed differential equation, of which we are to seek 
the principal integral, may now be put under the form 


% = IY + BY (62) 
We have now the following particular expressions for the partial differential coefficients of the 
function f, 
ee ea oa. eee | 
eth Soe PA Sy, Ia Ah (63) 
so that, by (55), the general coefficients P,, Q,, R, of the differential equation (54) become here 
P,=9Yz, %,=Y2, R,=—1: (64) 


we have also for the partial differential coefficients of the second order of the same function f 
the expressions 


E vicar alin een Al ete a pe‏ ع 


8 ` Sry, ° uz, ° Oy, ° uz 

Sf èf Sf Sf ا‎ 

Syi > و‎ TO eg 

Sef Sf Sf 

Sai rra OE (65) 
OF yay SEES 

 ? By Bee”‏ تزبية 

Sef 

52/8 = 93 


and therefore, by (53), the general coefficients P, Q, R of the differential equation (52) become, 
in the present example, 


P= +g; Oarl, ES (66) 
The general differential equations of the second order 
0= P+ Qy} + Rz 4 (52) 
and 0=P,+9,y,+ B,2; (54) 
become therefore now 
0= -g + (67) 
and 2o = Wt YUz (68) 
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the former of these two, namely the equation (67), being the principal supplementary differ- 
ential equation and the latter, namely (68), being obtained by differentiation from the original 
differential equation (62). If we had only the system of these two differential equations of the 
second order we could only deduce from them by integration the system of the two following 
equations of the forms (56), 

O=Yz—Ya— Ya (x-4) — و‎ (x-a)? (69) 


` 0 - س يرل‎ Za — Za (%—a) - gy, (x —a)?— 2و4‎ (x—a)?; (70) 


and 


or relations equivalent to these. But the original differential equation (62) gives also this 
initial condition of the form (57), 

O=fa = JYa t 84a" — Za; (71) 
and, by eliminating y, and z, between the three last equations (69), (70) and (71), we find this 
other equation of the form (58), 
on E y DAAA a) e 
0= F=z, Za 39 (Ye + Ya) (£ a) 2(x—a) 
which is the principal integral sought of the proposed differential equation (62). This integral 
may also be thus written, under the form (7), as an equation in finite differences, 


+ واو‎ (z—a)3, (72) 


A 2 
0=Az,—9 (Ya + AY a) Aas + ag "Aa; (73) 
or more concisely thus, under the form (60), 
2 
0=Ac—g(b-+4Ab) Aa- Sv + مويل‎ (74) 


11. Ina very extensive class of cases the proposed differential equation, though it contains 
the differential coefficient ريع‎ does not contain the undifferentiated function z,; and then, as 
in the last example, it may be put under the form 


2, = (x, Yz» 2 j (75) 
so that the function f may be regarded as being of the form 
f=¢(z, Yz Yo) — 2z. (76) 


In all cases of this class the process of the 8th article for determining the principal integral 
admits of being simplified; for the principal supplementary differential equation (44) or (52) 


becomes simply 
2 (age) 
ra PAAT مذ‎ A 77 
SY, \OYz (77) 
or 
dp , 8 OH ,, dH , 
او‎ TO j goa! xala: 78 
By, * bedy, Syry,” By sf”) 


and does not involve z,, Z, nor z4, so that its integral, like the equation (69), is of the following 
form, more simple than the form of either of the two general equations (56), 
0= x (4, Yas Yar T, Yz). (79) 
And because this integral (79) of the principal supplementary differential equation (77) or (78) 
enables us to express the function 4, , and therefore also y,, in terms of the constants a, Ya, Ya» 
39-2 
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and of the variable xv, it enables us to express the difference z,—z, in terms of the same con- 
stants and variable, by means of the original differential equation (75), as the value of a definite 
integral, namely, 


papa | "8 (2, Yas yi) de: (80) 


so that instead of eliminating the two initial differential coefficients y; and z/, between the three 
equations assigned for that purpose in the 8th article, it is sufficient to eliminate the one initial 
differential coefficient y, between the two equations (79) and (80) in order to obtain the prin- 
cipal integral relation connecting the initial and final values of x, y, and z,; which relation will 
evidently be of the following form, 


0=F=z,—z,—0 (a, Ya, ,نه‎ Yz) = Ac— O (a, b, a+ Aa, b+ Ab). (81) 
Thus, in the last example, in which the function ¢ (x, Yy, 44) = 9Y, + 4y;2, so that 
2 2 2 
4 و‎ o cs 


by, P Syl 42 By > AL 0 Syl 


the form (78) for the principal supplementary differential relation becomes 


0= -g +yz» (67) 
as was otherwise found before; and its integral is of the form (79), namely, 
O=Yzs—Ya— Ya (x - (نه‎ — 39 (x —a)?, (69) 
which gives for the functions y,,, Y, the expressions 
EO LNA HT a i i (83) 
Y2=Yatg(%—a). 


Substituting these expressions in that of the function ¢, we find 


P(X, Yrs Yr) = 9Y, + BY x? = gya + Ya + JYa (e — a) +9? (x-a), (84) 
and therefore 


za= | ova + bya? + 2gYa (x —a) +97 (x - 0(2[ da‏ پال 


= (JYa + Ya”) (&— 4) + 9ya نه)‎ - 4)? + 39° (x—a)?; (85) 
so that finally, by eliminating y, between the two equations (69) and (85), we obtain the same 
principal integral relation 


es 2 
0= وإ سمه سرة‎ Yet Ya) (e—a) Ge Mak + deg? (aa), (72) 


which was found before by a less simple process. 


12. The differential equation 
Zo =P (£, Yrs Ya) (75) 
conducts in general to the expression 


2 | "h(E, Yor Yide, (80) 


whether we do or do not employ the supplementary differential equation (77) or (78); but 
among all the values of the definite integral (80), corresponding to all possible forms of the 
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function y, and to the initial and final conditions (12), the particular value (or values) deter- 
mined by this principal supplementary differential equation may be called the principal value 
(or values) of that integral for reasons already explained. We shall therefore call the value (or 
values) of the definite integral (80), determined in this manner, the principal definite integral (or 
integrals) of the differential expression ¢ (x, Y+, 44) dx, taken between the limits a and x, or a and 
a+ Aa; and we shall distinguish in writing a principal definite integral of this kind by drawing 
a stroke under the sign of integration; so that the principal integral relation (81), deduced 
from a proposed differential equation of the form (75), may be denoted as follows: 


x i a+Aa 
a= | H(t, ter yode= |" $ Yes ل للا‎ (86) 


For example, by what has been already shown, the principal definite integral of the differ- 
ential expression (gy, + $y”) dx, taken between the limits a and 2, is 


Jj ote We dr ba y+ 2a) + SUS - gq ea. (87) 


13. Besides the principal supplementary differential equation, the Calculus of Variations 
conducts also to another important relation called usually the Equation of Limits, which may 
be explained and investigated as follows. 

Returning to the general differential equation of the first order 

O=f (£, Yz, Ze» Yz» Zz)» (8) 

let us now imagine that after finding two functions y, , z, which satisfy this original equation (8) 
and also the principal supplementary differential equation (44) or (52) and the initial and final 
conditions (12) and (13), and after calculating thus the principal final value z,,,,, of z, which 
corresponds to a given final value y,,,, of y, and to given initial values y,, z, of the same 
functions ,ير‎ z,, we then change these two functions as before to others of the form y, + en, and 
z,+el,; but that at the same time we change also the variable ند‎ itself to a function of the form 
x+e€,, and therefore the differential coefficients y}, z, to the quotients 

Jatengs tels. 

1+ef,’ 1+,’ 

and that, by making all these changes in the original differential equation (8), we form a new 
but analogous differential equation and then oblige the functions ép, Ng, ¢, to satisfy this new 
equation, namely, 


‘ Ya + ns ‘ate 
O=fla+eé,,y,+en,,2%,+€C,, =a : 88) 
1 EA Ya T as “a at 1+! 14+ eE ( 


We shall then have, instead of (37), the following equation deduced from the combination of 
(8) and (88): 


3 4 , Ad 
o +ع‎ ie net pe bet gn (a= -wept (t - z; n) + وير للع‎ )89( 
E, being a factor which we need not at present determine; and since by the differential equation 
(54) we have 
Sf 1 ل ال يار‎ Fa AE j 
ببق‎ Izy, 3 Ysy “a Sal? (9 ) 
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it will follow that 


o= (6~ 2b zés) + 5 sy (10 Voto Jr») 


+e ê) + (neta) + eB: (91) 


Multiplying this differential equation (91) by the factor A, of the 6th article, which satisfies the 
two conditions 


wsha) a= ae). (92) 
we find this transformed differential equation 
o= (a بل‎ -at +g لمقولا- ها‎ | [ +A a, (93) 
which gives, by integration, 
هده‎ (E Cat +S asf) +» |" Bade, (94) 


fa denoting as in (57) the initial function f(a, Ya; Zas Ya» Z4) and A still implying that we are to 
take the finite difference corresponding to the transition from the initial to the final values. If 
then, without obliging €,, Na» fa, araqa ANd Natta to Vanish, we suppose (as in general we may) 
that “apaa is developed in a series of the form (26) according to positive and integer powers of 
the small constant multiplier e, we find for the first and principal term ©) 4a of this series the 
equation 

fa +Aa 

Yar 


faa 
| ep aig (CO, <A PEE ts م"‎ Ya+ha 2444) 
a+Aa 


A 
a+ Bis 


- Jo it, zaa) +o Ja e 000-160 J Pree (95) 
in which L, has the same meaning as in the 6th article, namely, 


of (of ) Ff (a 1 
= Àz Poh 82, ZA _ dy, \8yz)_ Ya 1 
= Me 3f Ph RE (96) 
82, 2 
This equation (95) may be simplified when the function f has the form 


f= (2, Yz Ya) - 223 (76) 


for it then becomes 


- E aa T Paria Sarsa F tåa "Marsa Yarda pE 


4 Parsa 
Yaria 
ae وت‎ (97) 
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4 a a 8 a 
that 18, CO Aa Sa ا‎ Na+Aa— = Na 
+ (barsa ەھ‎ e) 4 a+Aa~ (+.- Ya st) fa» (98) 
For example, when the function ¢ has the form (62), so that 
$=JY2+ Ba Pa=9Yat Wa Patsa = IYa+aa + Warsa» (99) 


then the formula (98) becomes 


+ - “he = YatsaNat+sa— Yana + Oeris” 394 aa) Bethe (Wa 39a 5 Eq: (100) 
In general, if we write x instead of a + Aa, the formula (95) becomes 


"Ld 
Ze 9-2 Lt.) + be s (e-ta) = et TIE 18 (ha> vê) 1 : (101) 
and the drake (98) 2 
_ 4 t , Ob, , 4 
o L a 
is BA Ne — 8y rat (4. -Yrs by}, 11 22 (4.- Ya sy! 0) ba. (102) 


Thus, although the differential Eth (88) is not sufficient of itself to determine the forms 
of the three functions €,,, nz, “z, nor even to determine rigorously, in general, the final value ¢, 
of one of these three functions when only the final values &,, يرد‎ of the other two functions and 
the initial values éz, nas Ča of all three are given; (because the term يلياك‎ in the transformed 

. differential equation (93) is not in general immediately integrable;) yet, when the functions y, 
and z, satisfy the principal supplementary equation (44) as well as the original equation (8), 
we see that then the differential equation (88) is in general sufficient to determine the most 
important part or term (® of the final value of the function ¢,, or the limit to which that final 
value tends while the small multiplier e tends to 0, whatever arbitrary forms may be assumed 
for the three functions &,, nz, ¢, consistently with that one differential equation (88) and with 
the three given initial and the two given final values, €,, 4, Cas and وير‎ Ng- 


14. Now, consistently with these five given values, initial and final, and with the differ- 
ential equation of the first order (88), we may in general oblige the three functions وير‎ nz, Cz 
to satisfy other conditions; for example, we may in general oblige them to satisfy any two 
assumed supplementary differential equations of the second order; because a system of three 
differential equations between four variables x, ري‎ ns, ¢, conducts in general to a system of 
three integral equations between those four variables involving five arbitrary constants, when 
one of the three differential equations is of the first order and the two other differential equations 
are both of the second order. Among all the supplementary differential equations which might 
be thus assumed, there is one which deserves special attention; namely that which is formed 
from the principal supplementary differential equation of the second order (44) by not only 
4 1 en, Zz ra el, 

+f, 1+," 


changing x, Yz, 2, and Yz, Zz tO L+ es, Yz + eng, 2, + eb, and 


(vee) (ates) 
Itẹ) وى‎ TEE). 


an 
1+ 66 1+ ef; 


, but also changing, 


in like manner, y% and z% to 
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and which may therefore be thus written, 


eal 2 ا‎ 
Ni :اك دولا‎ Zetels \l+eés/ \1+eés 
0) artnet tet له‎ l+ eé, > 1+e€), > l+eé;, > 1+ ef), > (103) 


if the equation (44), from which it is formed, be written thus, 

O= (2, ديول‎ Zes Yrs Ze Yor Ze) (104) 
For, although the two equations (88) and (103) are not alone sufficient to determine completely 
the forms of the three functions p, Ns, ¢, even in conjunction with the five given initial and 
final values £,, Na» Čas És and Ng, but require another supplementary differential equation of 
the second order, which might, for example, be assumed as follows, 

£7 = 0, (105) 

for such complete determination; yet it is easy to see that, as the two equations (8) and (44) 
conducted to a principal integral relation of the form 


0=F (a, Ya» Ža» T, Yz» Ze) (58) 
so the two similar equations (88) and (103) must conduct to a similar integral relation 
0 - F (a+ efa, Ya + Nas Zat ba, t+ EEn, Yat Ne» Zet Ebs), (106) 


in which the form of the function F is the same. Combining these two relations (58) and (106), 
we find a new equation to determine the limit ¢® to which the final value of the function يري‎ 
tends, while the small multiplier < tends to 0 and while the final values of the two other functions 
ررد مث‎ and the three initial values é,,7,,¢, of the same three functions &, , n,, be remain unchanged 
but arbitrary; namely, the equation 
éF, sF 8F 

0= a+ stat ge bot 5 
The value of the limit £ thus obtained from a Soe» i of the two differential equations 
(88) and (103) must agree with the value of the same limit obtained in the 13th article from the 
equation (88) alone; and this agreement must exist independently of the five arbitrary values 
Eas Nas Čas Čz» Nzi Comparing, therefore, the coefficients which multiply these five arbitrary 
values in the two expressions of (®, deduced from the two equations (107) and (101), we find 
these three relations: 


F 


8 8F 
e i Nats £0), (107) 
22 


Ge) (BY ede 0 


ee dfa y fit Jade (108)‏ عب na‏ م 


2 -18F e | de 
2 


me 5‏ ا 


TEDE 


7, 
22 


and these two others: 


(109) 
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In that extensive class of cases, in which the function f has the form (76) and in which 
therefore the function F may be put under the form (81), the five relations (108) and (109) may 


be reduced to the four لشيس‎ 
_ ر„‎ 4 SP hu 
ene - a, Ya ~ By)? (110) 
and 
5D y! òpe òD 54, 
eo} Ya sy! +z, dy, EA (111) 


In general, the three relations (108) conduct, by elimination, to the two following: 


(a) sa - aata 
ET قد‎ ROMS Sf, 


8z,) Sy, e) dy." 


(112) 


15. To illustrate these general relations, let us resume the example of the 10th article, in 


which 
0 - نم /91 حي‎ + BY — Zz; (61) 
0=fa = 9ya + Wa? — 2a» (71) 
and 
2| 3 g~ Ya)” i.) as 
0 - F=2,—%q— 49 (Yz + Ya) (x PE Saray —a) +349 (x a)’. (72) 
In this example 
a) i Pasa PAEA 
ae oe OF fy pel. 1 
8F 
= et ye) +5 (Ee) te-a, 
oF oy Yo Yu oF ل‎ 
oy, — 4g (x a) 2-0 0 a> (113) 
8 47 
Fa = Wat Ya) 5 (=H) — 49° (z—a)?, 
6F | Yo-Yo 68 — >. 
tag hay Bal xa’ 82, l; 


the general relations (112) become, therefore, 


1 Vz Ua 3 2 2 12 , 
-bg ++ (E) +g’ (x-a) = Ya — 24, 
ش‎ )114( 


4g (x— ل(‎ fo - - 


to which forms the two first of the three relations (108) also reduce themselves, while the third 


HMPII 40 
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of those relations (108) becomes identical, because, in this example, the function L, vanishes 
by (40); and the two general relations (109) become 


- 39 (Y.+ Ya) +5 it Ya-Ya)! + 402 (x-a)? =Y — وو‎ in 


igi 39 (a— a)— Hen pig Vie 


And accordingly we may verify the existence of these four relations (114) and (115) in the 
present example by substituting for y,, y, their expressions (83), deduced by integration from 
the principal supplementary differential equation of the second order (67), and at the same time 
substituting for ريع‎ z, their values deduced from the original differential equation of the first 
order (62) and its initial form (71). 


The same example enables us to illustrate the four simpler but less general relations (110) 
and (111); namely, by making, according to the 11th article, 


Pa = 9Y, t+ BY 2": $a=JWYart 394, 
116 
= 39 (Yat Ya) (2 — + er ie allel | or 
and therefore 
8¢,_ , %¢a_,» 
yL I2 òy’, = Ya» 
ice NS 
o = Wet Ye) - و‎ (EZ) — فوخ‎ (ea), 
وج‎ =o (=a) + Ee, (117) 
INNS 
بعد‎ -bg ++) + 409 (x—a)?, 
5D ت‎ _Yz— Ya. 
Sy, 29 a) ong? 


for the two relations (110) thus become 


— 439 (Yx+Ya)+ )و‎ e) +(e لاك‎ ya —9Ya> 


2-0 
)118( 
4g رم -م)‎ - "2 te= yy; 
and the two relations (111) become 
39 (Yz +Ya) -3 dle rs عاب‎ - -89° (x-a)? ع‎ - $y + Ya» 
(119) 


4g رم-م)‎ i ra d 


a 
ا ر‎ 


and these relations (118) and (119), which agree with those marked (114) and (115), are satisfied, 
like them, by the expressions (83) for y, and Y4. 
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Reciprocally, it is important to observe that those former expressions are included in these 
recent relations; in such a manner that they might have been obtained from the equations 
(110) and (111), if the form of the function © had been known as well as the forms of ¢, and ¢,; 
or from the more general equations (112) and (109), if we had known the form of the function F 
as well as the forms of f, and f,,. For, having thus obtained the relations 

y,="2— 88 - وذ‎ (za), 
(120) 


, _ ولا‎ - Ya بهد‎ 
Yz= عيبن‎ + $9 (x a), 


we might thence have easily deduced the expressions 
| Akin, Ree, pet N! (83) 
Yz=Ya +g و(9 - نه)‎ 
which we have otherwise deduced before, by integration, from the principal supplementary 


differential equation 
0= -9 +. (67) 


40:2 
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CHAPTER I. 


General Theory of the Principal Integral of any Total Differential Equation 
of the First Order, but not of the First Degree, between three or more Variables. 


1. Let x,, x, ... x, denote any n sought functions of any one variable x, the number n 
being supposed to be greater than unity; let x}, %4, ... z, denote, according to the well-known 
notation of Lagrange, the n derived functions corresponding, of the first order, or the first 
differential coefficients | 

dx, dz, dz, 
dx 0 ‘dx 0 eee ‘dx 
of the n sought functions respectively; let 


FD i Sins 100 gs Begs wes Mie) 

denote any known function of x, £1, Xa, ... En, U1, Vy, ... 24; and therefore let the equation 

Oa f(a) Eis Sey o ye Has Wel 8. &) (A) 
represent any proposed total differential equation of the first order, restricting the forms of 
the n sought functions ,ينه‎ ... x, and assisting to determine those forms by establishing a known 
relation between those n functions themselves, their n derived functions of the first order and 
the independent variable x. Since the number n of the sought functions 7, , ... x, has been sup- 
posed to be greater than unity, the one equation (A) is not in general sufficient to determine 
the forms of all and we may on the contrary assume any »—1 supplementary equations, 
differential or not differential, to connect these n sought functions, in combination with that 
given equation of the first order (A). 

Among all the supplementary equations which might be thus assumed, we shall select as 
deserving of special attention, for reasons that will hereafter appear, the following n — 1 equa- 
tions, which are in general of the second order, and we shall call them the principal supple- 
mentaries of the original equation (A): 


f eD- ey L ad EF (DY _ Fed LF ah (B) 


f' (x3) “كر‎ (%2) f" (&n) 
In this notation, which is borrowed from Lagrange, the 2n symbols 


F (zs f (a), ... F En) f’ (els f’ E), o f (En) 
denote respectively the 2n partial derivatives, or partial differential coefficients, of the first 
order of the known function f, taken with respect to %1, £a, ... En, Vy; T4, - Zp; and the n 


symbols 

{f (e0), S N, ... {f end} 
denote the total derivatives, or total differential coefficients, of the first order of the functions 
f'(i), f’ (£3), ... f’ (ينه)‎ respectively, considered as depending on the independent variable xv, 
not only so far as that variable enters into them explicitly by entering into the known com- 
position of the function f, but also so far as it enters into them implicitly by entering into the 
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unknown composition of the n sought functions x,, %4, ... x, and of their derivatives x}, %4, 
... %4; 80 that, according to Lagrange’s analogous notations for partial and total derivatives of 
the second order,* the symbols {f’ (a})}’, ... {f’ (z4)}’ are equivalent, respectively, to the following 
more developed expressions: 
f (a, wy) HES” (21,21) HES” (Ta, (1نة‎ + one HEnf” (ty, 21) 
HEIS” (aq) HES” (81, a) +... HES” (%1, n)» 
f (EEn) HES (E1, En) HES” (Eo, En) +... HES” (Ens Lp) 
HEIS” (ay, En) HEIS” (a, En) +... HES” (En). 

The object of the present Chapter is to establish a general method for rigorously expressing, 
and for at least approximately calculating, the integrals of all such systems of original and 
principal supplementary equations as the system (A) and (B) for any number of variables x, %, , 
... £, and for any form of the given function f, (some particular exceptions being set aside); but, 
before proceeding to the establishment of such a method, it may be proper to mention some of 
the chief reasons, (connected with the Calculus of Variations,) for the selection of the system 
of equations (B) as the supplementary system to be combined with the original equation (A). 


2. Such reasons may be drawn from the comparison of that original equation (A) with 
another equation of like form, obtained by slightly altering as follows the original values of 
the variables x, x,, ... x,. If we represent by é, f, رو‎ ... Én any functions of x and by e any 
small multiplier independent of x, we may then consider 

ti +e, teks, ... % +b, 
as n functions of x + eé, which do not much differ in their forms, or in their laws of functional 
dependence on x + ef, from the n former functions 2,, £, ... x,,, considered as depending on 2; 
and if we wish that these n new functions x, + eé}, &c. of x + e£ should be connected with each 
other by a differential relation of exactly the same form as that original differential relation, 
which was previously given to connect the n old functions x, , &c. of x, we must then establish 
this new differential equation of the first order, analogous to and formed from the original 
equation (A): ۱ ! 
0 -f(x + €€, vj tes, ty, ten, Aidi "ES ea (C) 

in which é’, éi, ... é; are the first derivatives or differential coefficients of é, &,, ... Én, considered 
as functions of x; and consequently 


titeli tnt een 
1+eé’’"” [+ مع‎ 
are the first derivatives or differential coefficients of x, + ef, , ... x, + eén , considered as functions 
of .ع دم‎ Developing this new differential equation (C) according to the ascending powers of 
the small multiplier e, and suppressing that part of the development which vanishes on account 
of the original differential equation (A), and finally dividing by e, we find 
O= ff" (x) + ES" (01) + ... + Enf” (En) 
+E rig) S (ينه)‎ + ... + (En - apt VL (ap) +H; (D) 
* (Lagrange, Théorie des fonctions analytiques (1797).] 
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the coefficient Æ denoting, for abridgement, a development of which the actual calculation is 
not necessary for our present purpose, because it disappears when we pass (as we shall shortly 
do) to the limit at which e vanishes. The part independent of e in the equation (D) may be 
transformed, by observing that the total derivative of the original equation (A) gives this 


relation: 
O=f' (a) “انه د‎ (E) +... + aff (En) “يانه حل‎ (wh) +. +f’ (e4): (E) 


for thus we find, by eliminating f’ (x) and by observing that f — xi é — xi é= (é — rié), &e., 
O= (§— 24 €)f" (4%) +--+ (En ح‎ Enh) Sf (En) 
+ (1 - “ل (6 نه‎ (%1) + ... + (En Eni) f’ (pn) + eH. (F) 
Let A denote a function of x, so chosen that when we multiply by it the sum of the terms 
(€,—x,€)f' (w,) and (én — £p É) f’ (xi), the product shall be an exact derivative, independently 
of the forms of the functions é and €,,; that is, let A satisfy the following differential equation of 
the first order, 
Af” (En) = Af’ (en)}'. (G) 
The differential equation (F) may then be thus transformed, 
O= (1 ينه‎ E)AP" (21) + ... + (En nE) AL" “[ليرنة)‎ 
+E 2 €) Af’ (ينة)‎ -AF (217) +... 
+ (Ena حت‎ p18) AS" (na) = Af (@ pa) + AZ; (H) 
and it gives, in the notation of finite differences and of definite integrals, 
O=AL(E— a E)Af’ (21) + ... + (f, — Sn) AS’ (27) 


+ Í E-A OF E) - AS Edet 


+ Í Era mE AN (en) -OAS (er det | dz; 0( 


the sign of a finite difference A implying here that we are to subtract the initial from the final 
value of the function to which it is prefixed, so that, the initial value of x being supposed to be a, 
the symbol AF (x) is equivalent in this notation to F (x)— F (a). Now if we take successively 
smaller and smaller values of the multiplier e, that is, values nearer and nearer to 0, so as to 


make « tend to 0 as its limit, the product efan dæ will also tend to 0 as its limit, and thus the 
0 
definite integral | will disappear from the limiting or ultimate form of the equation (I), 
a $ 


22 
as being multiplied by an ultimately evanescent factor e. But when the term ef hE dæ is 
a 


suppressed in the equation (I), the function é, enters into that equation by its initial and final 
values only and no trace of the intermediate values (or form) of this function é, remains; to 
accomplish which removal of the effects of all but the extreme values of £, from the equation (I) 
was (as will easily be perceived) the thing aimed at in establishing the foregoing relation (G) for 
the determination of the multiplier A. As yet, however, the equation (I) involves not merely 
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the extreme values, but also the intermediate forms, of the other n new functions &, é, ... ورك‎ 
because it involves the definite integrals 


[ese 0“ e) -AF yy ae, 
a hewitt dl diahastonbaaziind (J) 
Feie AF Cea) -AS (eh) des 


it is therefore evidently an object of particular interest to make these n — 1 definite integrals 
vanish, without restricting the forms of the n functions f, é, ... €,_,, and for this purpose to 
make the coefficients of 
é — rié, aos fuita É 
under the signs of integration vanish, by establishing the following n — 1 relations between the 
n original functions رينه‎ ... x,, the multiplier A and the independent variable x: 
Af’ (a) = Af’ (21) 
eae eee ae ee (K) 
Af (En) = AS" (®n—a)}"s 
which can in general be done, consistently with the original given relation (A) and with the 
assumed equation (C). And if we eliminate A and its derivative ۸’, or rather the ratio of the latter 
to the former, between the n equations (G) and (K), we obtain the n - 1 supplementary equa- 
tions (B); which were accordingly selected as possessing this remarkable character, among 
others, of causing the effects of the forms of the n+ 1 new functions é, é, ... é, to disappear 
from the ultimate state of the integral of the varied equation (C), and of reducing this ultimate 
state of that integral (I) to the form of a linear relation between the final and initial values of 
these new functions, namely, 


O=A((E,— a EAS" (21) + ... + (En En EAS (wp )}; (L) 
a relation which may also be thus written, i 
0= (f TIEAJ (a) + ... + (En— En EAS (Ea) | M) 
— (u — aza) yf’ (a1) — ... — (*n— ana) yf’ (tn), 
if we employ the symbols 


j... n? 49 eee Kb > 1s ses n? 3 mn eee ft 
a, a a a a, o% a a’, a a y 
to denote the initial values of the functions 


ER AA EE modal PE SAE AME ويد‎ HARE وتو جود‎ T 


(corresponding to the initial value a of x,) and employ also the symbols f’ (4), ... f’ (a) to 
denote the corresponding initial values of f’ (xi), ... f’ (n). 


3. In the important but particular case, in which the original differential equation (A), or 
the given function f, is of the first order with respect to the differential coefficients xi, ... Z7, so 
that the expressions of the partial derivatives f’ (4), ... f” (4) do not contain those coefficients 
%1, ... 2, , the supplementary equations (B) reduce themselves to the first order; and a reduction 
of the same sort takes place, with respect to all or some of these equations, in some other cases 
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of exception, which are of less importance. But, in general, the n — 1 supplementary differential 
equations (B) are of the 2nd order and compose, when combined with the total derivative (E) 
of the original differential equation of the 1st order (A), a system of n total differential equations 
of the 2nd order, of which the complete integrals must involve 2n arbitrary constants, (besides 
the arbitrary initial value a of the independent variable x); and since we may choose for these 
2n constants the 2n initial values a,, ... An, 01 ... a), we may represent the n integrals of the 
equations (B) and (E) as follows: 


Ly = Py (T, A, Ay, +++ Ans Ay, «+ Ay), 

E (N) 
Ln = dy (2, A, Ay, ++» My, a}, O 

the forms of the n functions ¢,, ... برل‎ remaining, as yet, unknown. Besides, the original differ- 


ential equation (A) gives this initial condition: 
سيل‎ i U EU A A, E A (0) 

so that the constants @,, ... An, و0‎ ... a, are not any longer all arbitrary (when a is considered as 
known), but must be so assumed as to satisfy this condition (O), if we wish to represent, by the 
equations (N), no longer the integrals of the derived system (B) and (E) but the integrals of the 
original system (A) and (B). And if we knew these integrals of that original system, that is, if 
we knew the forms of the n functions ¢,, ... ¢, in the n equations (N), as well as the form of the 
function f in the initial condition (O), we could in general eliminate the n constants aj, ... a), 
between these n + 1 equations (N) and (O) and so arrive at a relation which would involve only 
X, %1, ... Zn and a, a,, ... a, and which would be thus denoted: 


O=b (x; OST OO مل‎ (P) 


but not in general at two (or more) distinct relations of this kind; since, after the assumption 
of the n initial values a, ... a, of the n functions z4, ... 2, (corresponding to any assumed initial 
value of the independent variable x), there would still remain x — 1 arbitrary constants to dis- 
pose of, and consequently the final values of any n — 1 of the same n functions (corresponding 
to any final value of the same independent variable x) would still admit, in general, of being 
assumed at pleasure. It is sufficient, for the present, to concede the possibility of such an 
elimination, and to perceive the general existence of a determinate relation such as (P), (that is, 
a relation between the final and initial values of the independent variable x and of the n func- 
tions x,, ... Z„ as a consequence of the differential equations (A) and (B)); for it will soon be 
shown that, instead of our being obliged to integrate first those differential equations and then 
to deduce the relation (P) by elimination from the integrals thus found, we may, on the contrary, 
with advantage, seek first by independent processes to discover the relation (P), and, when it 
has once in any way been found, may then deduce from it the whole system of integrals (N). 


4. The equation (M) between the extreme values of the n + 1 functions é, é, ... n, intro- 
duced in the 2nd article, was obtained as a limiting form of the integral of the single differential 
equation (C), combined with the relations (A) and (B) between the n functions z, ... 7; and 
therefore this equation (M) will still be true, after the introduction of any new equations between 
the same n + 1 functions é, é, ... én, if we combine these new equations with the equation (C) 
and with the system (A) and (B). If, then, by the introduction of any such new or supplementary 
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relations between the functions £, f, , ... &, we can obtain, in any new way, a new limiting linear 
relation between the extreme values of those functions, not visibly coincident with the relation 
(M) but of the form 
ee ee Q) 
+Aa+ Aa + ...+ Ap ns 

in which the coefficients X, ررك‎ ... Xn, A, ,رك‎ ... A, are independent of é, é, ... زيرك‎ if also, by 
the nature of this new process, it is permitted to assume at pleasure any 2n + 1 of the 2n + 2 
extreme values &, «,,...%,,€,&,-.. Én, provided that the limiting state of the remaining extreme 
value (corresponding to the limit e = 0) is then determined so as to satisfy the new relation (Q); 
(as, by the nature of the process which conducted to the former relation (M), it was permitted 
to assume at pleasure any 2n + 1 of the same 2n + 2 extreme values, provided that the limiting 
state of the remaining value was determined so as to satisfy that former relation); we shall be 
able to conclude that these two limiting relations (M) and (Q), though differing in appearance, 
must in reality coincide with each other, in such a manner that the 2n + 2 coefficients of the one 
must be proportional to those of the other, and that thus, by the introduction of a new multi- 
plier L, we shall have the 2n + 2 equations following: 

X= — LA{xif" (x1) +... HERS’ (pn), 

X= Nf’ (a), ... X,=LAf" (4), 

A=Ly{aif’ (ai) +... + ليه‎ (an), 
A,= — Lyf" (ai), ... An = — Lyf" (an). 


5. Now among the various supplementary relations which might be assumed to connect the 
n + l functions é, é, ... én, those relations which are derived from the principal supplementary 
differential equations of the second order (B) by changing 

iE as ES Meee Mas Wahi EA 
2 + sa) : tn + en) 
xi + > tp tHeé, ١ 1 + يع‎ ( T] 
ter’ PE TFE االو‎ 

are deserving of special mention, namely the n — 1 new supplementary equations, which may 


be thus denoted, 
د‎ ١ Ent > 
1 ويد‎ +e; a +e, \1+e€é’ 1+ “عع‎ 
0= 1 x, + eé, oes En + > وبر‎ 1 eee 11 ad ن‎ 1 sdo “Tee 5 
OEE ال‎ EREIN AT PEPA EEEE EAE te sag sine (S) 


(R) 


to 


ورور © + En‏ ... و و t+‏ رع ل يه 


E j Hy, +e) 
n—1 xi + انه أ‎ + eÉ’ 1+ e 1+ e 
= eee 1 1 . = 7 as ا‎ ° MENE čio Tr 
0 f ونه ع6‎ +e, Ln tEn, 1+ ? 1+ “مع‎ ? 1+ e 1+ e , 
if the n— 1 former principal supplementary equations (B) be denoted as follows: 
1 
CSia BP ii ET e BE), 
Roath E th oR (T) 
wh 4 1 n 4 
| Ome: f (Gj د كرو ينه‎ Mgr Ay, او ونه تروط ود جه‎ +. eA 
HMPII 41 
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and these n — 1 equations (S), when combined with the equation (C), conduct to a limiting linear 
relation of the desired form (Q) between the 2n + 2 extreme values «, a1, ... ربوا‎ &, Éis <e وو‎ 
leaving 2n+1 of them arbitrary. For, although the n differential equations (C) and (S), even 
along with any finite relation of arbitrary constants or initial data, are not in general sufficient 
to determine completely the forms of the n + 1 functions É, f, , ... €,, considered as depending on 
x, yet these n differential equations are in general sufficient to determine completely the forms 
of the n functions x, + ef, ... 2, + ef, considered as depending on x+ ef, if the 2n initial con- 
a +e a + >» 

le’ l lte’ 
of these 2n constants, because the equation (C) conducts to an initial condition connecting 
them; and thus we find n integral equations of the forms (N), namely, 


stants dy + et, ... An + Ean, (as well as a + ea,) be known or even any 2n — i 


al 7 a’ 1 
zı +é = ول‎ (z+, A+ et, Ay + Et, «<< An + En, aren, wt ates), 
oS ic E a. A 3 (U) 
L, +f, =, (t+ رقع‎ 2.0... A 
together with this initial condition of the form (O) 
7 n tuk أي ديه‎ 
0=f (ate, a +E, ... a, HEX, remm TATA S ep ) - (V) 


which n+ 1 equations (U) and (V) conduct, by elimination of the n constants 


to this following relation 

O=% (£+ eé, a, +b, ... TA + ely, A+ ea, A, عل‎ e1, ... An + €), (W) 
the form of the function in this relation being the same as in the final relation (P); so that, 
developing this new relation (W) according to the ascending powers of e, suppressing the terms 
which vanish on account of the old relation (P), dividing across by e and finally letting e tend 
to 0, we have the equation 

0= Sp’ (x) +E p (x1) + Ep (za) + ... HED (En) | (X) 
+ op’ (a) +a’ (a1) + aap (aa) +... + a. (An). 


[Here there are 19 pages of manuscript missing.] 


11. The reduced equation (G?) may be put under the form 
Zon-1 = V121 + Vaa + «++ +Von-2Z2n-2> (A3) 


in which the 2n — 2 coefficients V,, Va, ... Va,_s are to be considered as known functions of the 
tiy] 1 
2n — 1 variables 24, 22, ... Zən—ı and of these alone. If we denote by the symbols 2,, Z3, ... Zan-3 


any 2n — 3 assumed functions of these 2n — 1 variables and treat these functions as auxiliary 
variables, we may in general conceive that the 2n—3 former variables z,, Za, ... وبوة‎ are 


ss i 
expressed, reciprocally, as 2n — 3 functions of these 2n — 3 new variables z,, روت‎ ... 22,3 and of 
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the two other old variables z,,,_», 22,1; the partial derivatives, or differential coefficients, of the 


first order of these 2n — 3 new functions may be denoted by the symbols 


1 1 1 
21 (21), 21 (22), ++» 21 «(لمووة)‎ 21 (Zan—2) 21 دلحصووة)‎ 
14 1 1 : 4 A 4 4 
Zn—3 (%1): Zan—s (22); +++ Z2n—3 «(لمووة)‎ Zan—s (Z2n—2)> لحووة) مووة‎ 
and their total derivatives of the same order may in like manner be denoted as follows: 
m4 1 1 
2 = 2 (%) 21+ ... +21 (Zang) Zan—z +21 (Zan—2) 2an—2 + 21 (Zan—1) Ž2n-1> 


By the substitution of these expressions, the equation (A*) takes the form 


ie Oe E 1 1 1 1 
O= Zz + Z424 + ... + Zon—g2an—3 + Zon—2%an—2 + Zon—1%2n—13 (C?) 


e 1 
in which the coefficients Z,, Zz, ... Zən-ı have the following values: 


A Apana, Dne E (D?)‏ ابي 
Zon-3 = V121 (Zen—s) + ... + Von—s%2n—s (Z2n-3)»‏ 
1 
Zan-3= V12 (Zan-2) + ... + Van-s22n-s (Zan-s) + Van-s | (E?)‏ 
: 1 
(Zan) + +++ + Van—s%an—s (Zen—1) — 1.‏ 2 واعدتربوة 
This equation (C*) will admit of being put under the simpler form‏ 
Ome ENA 1 1 1 :‏ 1 
Zan—g = V121 + VaZa + ... + Von—a2an—a + Von-122n-1> (F°)‏ 


1 4 1 

in which the 2n—4 coefficients V,, Va, ... Van-4 will be known functions of the 2n—3 new 
ie 1 

variables 21, Z2, ...١ يروة‎ and of z,,_,, not involving 22, _», if we can so choose the new variables 


as to satisfy the 2n — 3 conditions following: 


1 
Zon—2= 0; (G°) 
ا‎ e Dataa iy t 
AnA (A NY S 
Ae As AA 2 لمعو‎ (H?) 
î و2‎ Zon—s 


The expressions (D*) give 


= ,.7 ۲ z 1 


+ {71 (21) -2i (ومروة)‎ + ... + Vi Zens) ٠ برو‎ (Zon-2) + V1 (Zon—2)} 24 5 


. +{V ans (21) -21 (Zane) + ++» + Vans (Z2n-3) - 4na (Zan—2) + V an-s (Zan-s)} 2an—s (24): (1°) 


41-2 
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the index 7 being here any one of the integer numbers 1, 2, ... 2n — 3; and the first expression 
(E?) gives 


1 1 1 1 
Zina (24) = Vy 247" (Zis Zanta) + +++ + Tanas Zina (24> Zana) 


+ {V1 (21) . 21 (Zena) + ... + V on-s (21) ٠ وسررؤة‎ (Zen—2) + Von—z (@1)} 21 Gi) 


1 
+ {Vi (Zan-3) -21 (Zan—2) + ... + Von—s (Zen—s) ° Z2n-s (Zana) + V 2n—2 (Zan-s)} Zon- (24); (K3) 
so that we have the equation 


1 1 1 1 1 
Zi (Zoen-2) — Zan—a (24) = Wı21 (24) + ... + Won-32on-s )2( (L?) 


Wa = {Vf (21) — Vi (2) } 21 (Z2n-2) 
+ {Vi (22) — [(يرة) و7‎ 22 (Zon-2) 


in which 


7 {Vie (Z2n—s) F Von-3 (z)} Zon—3 (Zan—2) 
+ Vie (Z2n—2) ih Vion—2 (2); (M3) 
the index k (like i) denoting any integer from 1 to 2n — 3 inclusive. And since, by (D*), we have 


1 1 1 
Z; ae EA (2,) ++ Von—3%2n—3 (2), (N?) 
we see that we shall satisfy the 2n — 3 conditions (G3) and (H?) if we can so select the 2n — 3 
1 


1 
auxiliary variables 2,, ... روه‎ a8 to satisfy all the following conditions: 


0=V, 24 (ويروة)‎ + «++ + Vans ans (ans) + Vana, (0°) 
and 
W,_ W Won-3 
Ml en... ee, P3 
Win Mas Baas al 


In this manner we are led to endeavour to integrate a new auxiliary system of total differential 
equations of the Ist order, namely, the following system of 2n — 3 such equations between the 
2n — 2 variables z,, Za, ٠.٠ Zens: 

0 - هر[‎ + Vaz +... + Von—s%n—st Van-s: (Q°) 


1 7 7 7 7 + 7 14 7 
7 {Vi (21).21 + Vo (21).24 +... + Vang (21) -Zon-3 + Van-e (21) - Vit 


1 , 1 / , 1 4 4 4 ; 
5 AK (22) -21+ Vo (2a) -23 +... + Von- (22) -Z2n-3 + Van-e (22) — Vo} (R?) 


1 
وآ‎ 
in which Zə»: is treated as constant and و_رروة‎ is taken for the independent variable, so that the 
total derivatives Vj, ... Vn- are equivalent to the following more developed expressions: 

Vi=Vi(&) . 21+ -+ Vi ons) -Z2n-3 + Vi (Zon-2) 
211 IA Delt dee, ل بالل‎ (S?) 


Vin—3 = Van—s (21) -2 +++» + V an-s (وصيروة)‎ -Zan-3 + Van—s (Zan-2): 


{Vi (Zin-3) -24 + و7‎ (Zan—g) 23 +++» +V in-s (Zan—s) + Zag + Van- (ans) Vans} 
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For, if we can integrate these 2n — 3 equations and thereby discover expressions for 24, Za, ... 
Zən—3 aS functions of the independent variable z,,,_,, involving also the variable z,,,_,, which 
has been treated as constant in the integration, and involving 2n —3 arbitrary constants, we 
have only to treat these 2n — 3 new constants as variable and substitute them for the 2n—3 | 


8 1 

auxiliary variables z,, Za, ... رو_يروة‎ Which have hitherto been left undetermined; since thus we 

shall accomplish the desired reduction of the differential equation (A*) to the form (F3), in 
1 

which the coefficient of و_رروع‎ is null, the coefficient of روج‎ is unity and the coefficients of 


eae 1 
Zi» 24, +++ Zgn—4 are independent of و_رروة‎ . The same reasoning shows that if we can integrate the 


following new system of 2n — 5 total differential equations of the Ist order: 
3 gn ا‎ 1 
0 =V,24 + Va24 +... + Von-522n-5 + تمسرو[‎ (T°) 


ae he PAG $ 8 هر‎ E 1 a 
7 {V1 (21) . 21+ ... + Vans (21) - Zan- + Vonza (21) — Vi} 


1 


ate, 1 Bae ust 1 Vek 1 
{Vi (an-s) -21 +++» + Von—s (%an-5) ٠ 22n—5 + Von—a (Zen—s) > Van—s}s (U®) 
Van—s 
in which 4 and 2,,_, are treated as constant and 4 is takon for the independent variable; 
and if we can thus discover 2n — 5 expressions for 4 i 3 hu Sat as functions of te , involving 
1 
also in general z,,_, and 2,,_, and 2n—5 ويه‎ constants; then, by treating these latter 


constants as 2n — 5 new auxiliary variables + Za» ++» Zang, WO Can reduce the equation (F°) to 


this new and ee form: 
22 


2, 
pe: - 112+ ha Het Ca Zan-6 + Vans? ans + ae Zan-1; (V°) 
2 2 2 2 1 
in which the 2n — 6 coefficients 7 V, <: Von—¢ Will be known functions of 2,, Za, ... وبروت‎ Zan—3 
2 1 , 
and 2,1, Vən-3 Will be a known function of the same variables and of z,,_,, and يبرو‎ will 
involve in general the variable z,,,_. along with all the former. 


By successive reductions of this sort, depending on the integrations of several successive 
systems of fewer and fewer total differential equations of the first order between fewer and 
fewer variables; namely, on the integration of a system of 2n—7 equations between 2n — 6 
variables, a system of 2n — 9 equations between 2n — 8 variables, and so on till we come to the 
integration of a single total differential equation between only two variables; it is in general 
possible, at least in theory, to reduce the differential equation (A*) to the form: 

1-1 n—1n—2 n—1n—3 a1 01 n—1 
zi = Vs وه‎ + Vs Z% +... + Von-sZon-3 + Von-122n-1; (W°) 


n—1 n-2 n-3 


in which the coefficient KA is, in general, a known function of the n variables و يت‎ Zg و‎ 25 ,-++ 
2 1 


Zən—5> en—3> Zen-1, involving also another oe which, according to the same analogy = 
n— 

notation, is to be denoted by the aa 1 : A involves in general the same variables as ca 
-3 


n—4 1-5 
but involves also an additional variable 4 z, ; and thus new variables z, , وت‎ , &c. are introduced 
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11-1 
successively as we pass to new coefficients V; , 5 , &c. till we come to the last coefficient 


n—1 
Van-ı Which is a known function of all the 2n — 1 variables of the new system, namely, 


nm—-1 n—-2 n—2 n-3 12-8 2 2 1 1 
21 و وت و‎ Zg > Z4» Z5 s ++ دهويروة‎ Zan—5> %on—4> %an—3> ~2n—2» ~2n-1° 
And now, at last, we see that the sought integral of the total differential equation (A*) of 
the 1st order and 1st degree between 2n—1 variables may in general be represented by the 
following system of n equations, involving one arbitrary function of n — 1 variables: 


n—1 n—-2 n—3 1 
2ı >) 5 و 25 و‎ +++ Zang» Y Ca (X°) 
n—i f n—2 0 A 
Vz =x'( و2‎ ) V: x 3 0 ... Von—1= X' (Zon); (¥) 
—1 n—1 
in which the coefficients KA 1 T, , «+» Von- are the known functions just now described, and 
n-1 n—2 n—2 2-3 n-3 1 1 
in which the 2n — 3 new variables z, , Z% , و 24 و و2‎ Z5 و‎ +++ Zan—4> Zang are themselves known 
functions of the 2n— 1 old variables z,, Z2, ... 22,-1, Which entered into the equation (A3); 
n—2 n—-3 1 
while the function x of the n— 1 variables و2‎ , 25 , ... Zeng, Zan—1 remains entirely arbitrary. 


We see also that the equation (A?) may be integrated by another important (though only 
particular) system of n equations, namely, the following: 


n—1 n—2 n—3 1 i 
21 - 615 و2‎ =ĉ2, Z5 =€; ++» Zong = 1و6‎ %an—-1 = ĉn; (Z) 

A i t n—1 n—2 n-3 1 i 

in which the n expressions 2, رورروة +++ » 25 و و2 و‎ Zan—1 are equated to n arbitrary constants 


€1; €2, €3, «++ €n 1» ĉn, instead of the first being treated as an arbitrary function of the rest. 
And to apply all this research respecting the integration of the equation (A?) [or (G*)] to the 
problem of integrating any partial differential equation of the 1st order 


O= F ($, ys <. Ens Yrs ٠٠١ Yn); (X7) 
n—1 12-2 n-3 1 n—-1 n-1 1-1 
we have only to consider z, , Z و‎ Zg » «++ Zan—3> Zan-1 aNd Vz, V;,... Von_, as equal to 2n—1 


known functions of the 2n + 1 variables ¢, 21, ... Z,, Y1, ++» Yn; the forms of these functions 
being supposed to be discovered by combining the processes of the present and of the preceding 
article. For thus we shall either have, at once, the general integral of the proposed partial 
differential equation, with an arbitrary function x of n—1 variables, by eliminating, or by 
conceiving eliminated, the n partial differential coefficients y,, ... y, of the sought function ¢ 
between the proposed equation (X^) itself and the general integral system (X3), (Y3), which is 
properly the method of Pfaff; or we shall have, if we prefer it, a simpler but only particular 
integral of the same partial differential equation (X*), involving no arbitrary function but 
involving n arbitrary constants, by eliminating the same n partial differential coefficients 
11, ++» Yn between the equations (X1) and 1 (2"); and then from this particular integral the 
general one can be easily deduced. 


12. In order to apply the general method, explained in the two last articles, to the case 


where the relation 
O= F ($, £1, <.. Ens Yrs ٠٠١ Yn) (X3) 
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between the 2n + 1 variables ¢, %4, ... n, Y1, ... Yn» is Supposed to result by elimination of n 
other variables, such as t4, ... Un», from a system of n + 1 given equations of the following forms 


0=f(¢, Tarip s Uys +e Un); (A$) 
and 
0 f (0) 
wf (u) +... HUn f’ (n) 
hm (B$) 
Ye f (Un) 


Sf (u) F -o + Unf (n) 
we must endeavour to deduce from these equations expressions for the 2n + 1 partial deriva- 
tives, or partial differential coefficients, 


F' ($), F' (a), ... F" (ta), F' (Y1), +» F" (Yn); 
or at least for their 2n ratios, because these ratios enter into the formulae (V*), (W?). By the 
nature of these 2n + 1 partial derivatives, they are equal or proportional to the coefficients of 
that limiting and linear relation which connects the otherwise arbitrary increments that may 
be attributed to the 2n + 1 variables ¢, 2,, ... رررئه‎ Y1» +++ Yn» consistently with the relation (X1), 
when these increments are made smaller and smaller; in such a manner, that if we represent these 
increments respectively by e£, ef, , ... €€,, ريرك ++- رورت‎ € being any small multiplier, and if, after 
developing the equation 
O=F (p+ ef, x+ eé, -En + Ens Yr tes +++ Yn tn) (C4) 

according to the ascending powers of e and suppressing the part of the development which 
vanishes by (X*), we then divide by e and finally make e tend to zero, we shall thus be conducted 
to the limiting and linear relation following, between &, f1, <. En, 15 ++» Mn! 


0 - "1م‎ (fp) +E, F' (ينه)‎ +... + En F' (£n) ع‎ mF" (Y1) +... +n E" (Yn). (D*) 
The equation (A4) conducts in like manner to this other limiting and linear relation, 
° 0 - “ثم‎ (Pp) + Ef! (ty) سد‎ -H Enf (En) + uf’ (u1) ++ + "يرن‎ (Un); (E*) 


if, besides changing ¢, 2, ... x, to ريوع ع ينه ركه + ل‎ ... Zn + ef,, we change also u4, ... u, to 
U + ev, ... u, + eu, and make e tend to 0 as before; and, by making the same changes in the n 
equations (B4), we should obtain n other limiting and linear relations between é, é, ... éns 
Uy, ..« Un and 71, ... Nn, Which, when combined with the relation (E*), would conduct by elimina- 
tion to a new limiting and linear relation between €, é, ... ريرك‎ 01, «++ Nn» not involving vy, ... Vn; 
but we may simplify this elimination by observing that the equations (B^) give 


L=Yy, Uy +... +YnUn> (F$) 
and therefore at the limit (corresponding to the limiting value 0 of e) 
0 - ورد‎ +... + Ip Un VY+ -+ VnYn» (G4) 


while the limiting relation (E*) gives, on account of the equations (B4), 

O=Ef' (¢) HES (zı) د‎ ... +é, f’ (En) + (u1 +... (ير/ة يرن حل‎ al! (Uy) +... + uf’ (u,)}. (A) 
We may therefore eliminate all the n variables ريه‎ ... u, together by eliminating the one com- 
bination v, 7, + ... + u, 4, between the two relations (G*) and (H4); and thus we obtain 


0= — {Ef (ل)‎ + Ef" (a) + -+ Enf [ليرئه)‎ | (1) 
+ (nit + ++ Frnt) (Uf! (Uy) +... + Unf’ (Un)}- 
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Comparing this with the relation (D*), we find, in general, the following expressions for the 
sought partial differential coefficients of the function F: 


-MP ($), F' (x)= - Mf’ (21), ... FY (za) = — Mf’ (£n), (K*)‏ =)$( "ل 
F' (yy) = Muy fuf’ (uy) +... + Unf" (Un);‏ 


and 


weet a (L4) 

F' (Yq) = Mu, ftf’ (Uy) +... + Unf” (un)}: 

the multiplier M remaining indeed still undetermined but disappearing from the expressions of 

the ratios of the coefficients F” (¢), &c., which alone are required for our purpose. For, since 

the expressions (L*) give by (F*) 

| HF’ (ys) +--+ Yn F" Yn) M’) 
uf’ (Uy) +... Unf” (Un) ° 


F' (Y1) by 
YF’ (yy) +... +Yn F (Yn) 


F' (Yn) i 
Yy F” (yı) +... + ادير‎ (Yn) 


F'(¢) re f’ (¢) 

YF (yy) + ... + Yn E (Yn) uf’ (Uy) + ... HU nf! (Un) 
F” (x) hades F (x) 

yF' (Y) +. + Yn F (Yn) uf’ (Uy) + H Unf (un) 


and therefore 
a, 

(N*) 
Uns 


and also, by (K$), 


(0%) 
F’ (£a) ` Fi (£n) 5 
YF’ (رلة)‎ + ... + Yn EF’ (Yn) uf (Ua) +... H Unf’ (un) 
we can now easily eliminate all the partial differential coefficients of the function F from the 
auxiliary system of total differential equations (V?) and (W?), and may write these equations 
as follows: 
=U’, o Cp = Un PS (P$) 


etni ($‏ بن 
yf n) -F Unf (n)‏ 1 
Bees ` (Q$)‏ 
yia PEDES OE‏ 
uf’ (Uy) + ...+unf’ (Un)‏ " 
It results from the general theory explained in the 10th article that the equations of this system‏ 
(P+) and (Q*) must be capable of being reduced to 2n — 1 distinct differential equations between‏ 
2n variables; and, accordingly, we may consider any one of the 2n equations of this system as‏ 
being a consequence of the 2n — 1 other equations of the same system, because the equations‏ 
(A*) and (B*) give this differential relation, analogous to (I*) and deduced by a similar process;‏ 


O=f' ($). +f" (4) . ينه‎ +... +f! (En) -En 
— (ui +... + Un Yn) (Ua f (Uy) + ... ل‎ Unf” (Un)}s (R4) 


and 
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while the same n+ 1 equations, (A*) and (B*), enable us to consider any n+ 1 of the 3n+1 
variables ġ, 21, ... Ens Y1» ++» Yn» Urs +++ Up, for example, the n + 1 variables w, ... u, and y,,, as 
known functions of the 2n other variables ¢, 21, ... ns Y1, ... Yn_y- If, then, omitting any one 
of the 2n equations (P*), (Q*), for example, the last of these equations, we can integrate the 
rest as a system of 2n — 1 total differential equations of the first order between 2n variables, such 
as $, Tis -+ Ens دول‎ +++ Yn—1; and if we then change the 2n — 1 arbitrary constants of this integra- 
tion, C,, ... Ca,_1, to so many auxiliary variables z,, ... 2),_,, and differentiate them as such; we 
shall be able, by what was proved in the tenth article, to transform the partial differential 
equation of the Ist order (X1), in which y,, ... y, are the partial differential coefficients of ف‎ 
taken with respect to x,, ... x,, and which results by elimination from the system (A4) and (B‘), 
into a total differential equation, such as (G*), of the Ist order and 1st degree between the 2n — 1 
auxiliary variables z,, ... روه‎ . But when, to simplify this preliminary reduction, we select, as 
we are at liberty to do, the variable ¢ itself for that hitherto undetermined and independent 
variable x, on which all the rest are conceived to depend in these total differential equations 
and with respect to which the total derivatives or total differential coefficients, ¢’, x1, ... x 
Y1, ... رين‎ have all been imagined to be taken; and when, in consequence, we change ¢ to x and 
¢’ to 1, as at the end of the 10th article; the equations (P+) then become: 

Xp BU, +s. Lye; (S*) 
the equation (A4) reduces itself to the original equation (A) of the 1st article; the equations (B*) 
transform themselves to (D1); and the equations (Q4) to (O1); which former equations, (A), 
(D+) and (01), had been found in the 7th article to compose a system equivalent to the system 
of the original equation (A) and its principal supplementaries (B); whereas it was for the very 
purpose of accomplishing or dispensing with the integration of that system of many total 
differential equations that we were led to desire to integrate the one partial differential equation. 
Since, then, the preliminary reduction required by the general method of Pfaff (for the trans- 
formation of any partial differential equation of the first order between n + 1 variables to a total 
differential equation of the 1st order and Ist degree between 2n — 1 other variables) conducts 
us back, in the research of a principal integral, to that very system of total differential equations 
with which we originally set out, and requires that those equations should previously be in- 
tegrated as an auxiliary system, it appears impossible to derive any aid from this method of 
that eminent mathematician towards completing the solution of the special problem of the 
present Chapter. 


13. Yet some interesting consequences result from the foregoing discussion; and especially 
the existence of a very intimate connexion between the general integral of any proposed partial 
differential equation of the first order with any number of variables, (a few particular forms 
being excepted,) and the principal integral of a certain total differential equation of the same 
order, involving the same number of variables; which connexion, if it fails to enable us to dis- 
cover the latter integral through the former, yet at least allows us to deduce conversely the 
former from the latter; and gives thereby a new importance to the theory of principal integrals. 
For it is easy now to perceive (from the investigations of the last article) that in order to inte- 
grate any proposed partial differential equation of the 1st order 

O= Fi (p; 21, ... يرنه‎ Yus ++ Yn); ام‎ 
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in which F denotes a known function of $, %1, ... £n, Y1; ... Yn, While ¢ denotes a sought function 
of the n independent variables 7,, ... x, and y,, ... Yp denote its partial differential coefficients 
of the Ist order 


Yr =P" (21), ... Yn =P (Xn); (Y>) 


we may in general proceed as follows. We may change the previously dependent variable or 
function ¢ to a new and independent variable x, on which the previously independent variables 
%1, «+. Zp are now to be imagined to depend; so that x4, ... £, are now to be considered as func- 
tions of x, of which the lst derived functions or differential coefficients may be denoted by 


%1, ... p. These n derived functions are next to be conceived as being connected with the 
functions x,, ... 2, themselves and with the independent variable x by a differential relation 
of the form 
OSME. Biy aks FE ay (A) 
obtained by eliminating y,, ... y,, between the n + 1 equations following, 
0=F (x, 1, ves Tn» Yi» م‎ Yn)s (P^) 
and 
= g (y 1) 
+ nE (y+... +YnF' Yn) 
5 dus odie puis kta PE K: T” . (Y?) 
9 F' (Yn) | 
" WE (yy) + ... +Y nF Yn)’ 


and then we are to find, if we can, the principal integral of the total differential equation (A), 
which will (by the theory of such principal integrals, explained in the early articles of the present 
chapter) be of the form 

O= (7, F,, ... Bar @, By «.. Ga), (P) 


being the initial values of the variables x,, ... r, corresponding to the initial value a‏ ,ره ... ريه 
of x. This principal integral (P) of the total differential equation (A), when it is changed by‏ 


restoring ¢ for x to the form 

OP(O RRE By | U Ay, O (U2) 
is itself (by what has been already proved) a particular integral of the proposed partial differ- 
ential equation (X1); and since it contains n arbitrary constants @, , ... a, (besides the initial 


value a of x, which may be treated as = 0 or any other assumed and absolute number) we may 
immediately deduce from it the general integral of the same proposed equation (X1) by the 
process mentioned at the end of the 9th article; namely, by treating these arbitrary constants 
as so many connected variables, of which any one, for example ريه‎ may be considered as an 
arbitrary function of the rest, and by then eliminating, or conceiving eliminated, the n constants 
ريه‎ ... @,, thus rendered variable, between the particular integral (U1) and the n equations 
following: 
Ay = x (Az, Ag, ... An), 


ry. (Gs) 7 A (T*) 
X (da) ak: yp’ (a) ۰X (a,)= 7 (a) . 
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It results also from what has been shown in former articles that by eliminating 4, ... z4 between 
the following equations 
P f (e) 
aif’ Ht (24) 
3 AEA 

wif (0) + ... +H Enf (Ea) 
with the help of the relation (A), we should (in general) return to the equation (P^); or, putting 
¢ for x, to the proposed partial differential equation (X1): so that the supposition made respect- 
ing that equation at the beginning of the 12th article, namely, that it results by elimination 
from relations of the forms (A4) and (B*), is generally permitted and ought not to be considered 
as restricting to any particular class the form of the function F, or of the partial differential 
equation. However, like most (and perhaps all) other general methods, the method of integra- 
tion proposed in the present article is subject to some particular exceptions, among which the 
most important is the case where the proposed partial differential equation (X^), or the pro- 
posed function F, is linear with respect to all the n partial differential coefficients y,, ... Y» of 
the sought function ¢; so that the n derivatives F” (y,), ... F’(y,) and also the combination 
YF’ (yy) رن + ... د‎ F (Yn) are all, either immediately or at least in virtue of the proposed 
equation F ع‎ 0, expressed as known functions of the sought function ¢ (or x) and of the n 
independent variables 2,, ... £a, not involving y1, ... Yn. For then the variables y,, ... Y, dis- 
appear from each of the n equations (V*), and therefore we cannot deduce from the system 
(X1), (Y2), in this particular case, (although we can in general,) any one determinate relation, 
such as (A), between x, £i, ... Uns is ... Zp, to the exclusion of all other such relations; since in 
the present particular case we have many different relations of that form: whereas the deter- 
minateness or uniqueness of the relation thus deduced is essential to the success of our method. 
On the other hand, in this particular and simple case, when the proposed partial differential 
equation (X1) is linear, we know from the researches of Lagrange that a particular and com- 
paratively simple method may be applied, in which the equations (V?) are still useful as auxi- 
liary relations; and which consists in integrating those relations (V?) as an auxiliary system of 
n total differential equations between the n + 1 variables x, x,, ... £n, and in then treating any 
one of the n arbitrary constants of this particular and auxiliary integration as an arbitrary 
function of the rest. 


14. It may serve to illustrate still more fully the intimate connexion which exists between 
the theory of the general integral of a partial differential equation and that of the principal 
integral of a total differential system, and thus to exhibit more plainly the meaning and utility 
of the latter, if we suppose for a moment that this latter theory is complete and avail ourselves 
of its assistance to accomplish the several processes required for the completion of the former 
theory, as set forth in the method of Pfaff. 


(D*) 


[Here the manuscript ends. ] 
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